ON EULER'S CRITERION FOR QUINTIC NONRESIDUES KENNETH S. WILLIAMS
Let p be a prime=1 (mod 5). If 2 is a quintic nonresidue (mod p) then 2 P " 1/5 s a (mod p) for some fifth root of unity α 6 (^ 1) (mod p). Emma Lehmer has given an explicit expression for <? 6 in terms of a particular solution of a certain quadratic partition of p. In this paper we show how in principle the corresponding result can be obtained for any quintic nonresidue D(mod p). Full details are given for D=2, 3, 5.
1* Introduction* Let k be an integer ;> 2 and let p be a prime = l(modA ). Euler's criterion states that D {p~1)/k = l(modp) if and only if D is a fcth power residue (modp). Thus if D is not a kth power residue (mod p), for some kth root of unity a k (^ 1) moduo p we have D iP~1)/k = a k (modp).
Clearly a 2 = -1. For A > 2 Emma Lehmer [3] has proposed the problem of specifying which a h corresponds to a given D. For D = 2, & = 3, 4, 5, 8, she has given explicit expressions for α^ in terms of certain quadratic partitions of p. Elsewhere the author [6] has given a complete treatment of the case k = 3. In this paper we treat the case k -5. Full details are given for D = 2, 3, 5. The method used is described in § 4 and can be applied to any value of D if the reader has the patience to supply the many details.
2* Two lemmas involving the domain Z[ζ]
. We set ζ = exp (2πi/5). If Q denotes the field of rational numbers, the cyclotomic field formed by adjoining ζ to Q is denoted by Q(ζ). 3. Dickson's diophantine system* Throughout the rest of this paper p denotes a prime = 1 (mod 5). Our results involve the diophantine system
A theorem of Dickson [1] asserts that (3.1) has exactly four solutions.
If (x, u, v, w) is one of these, the other three are given by
Taking the first equation in (3.1) modulo 8 and the second one modulo 4 we can show (after a little calculation) that x Λ-2u -w = χ + 2v + w = 0 (mod 4) for any solution of (3.1). This enables us to make the following definition. 
The properties of ψ that we shall need are given in the next lemma.
LEMMA 3.
( a) ψψ = p. Finally in this section we set for any solution (x, u, v, w) of (3.1):
and prove It is easy to check that aβ = a 2 -/S 2 = 57 , 7 2 = 5 .
After some calculation we find that from which the result follows immediately.
4* Outline of method* We start with the necessary and sufficient condition for D (without loss of generality we may take D to be a (positive) prime) to be a quintic residue (mod p) in terms of congruences (modD) involving a solution of (3.1). These have been given for D = 2, 3, 5, 7 in [4] and for D = 11, 13, 17, 19 in [9] . Results for other values of D could be obtained using the period equation as in [9] . If JD is a quintic nonresidue (mod p) this condition is used to specify a unique solution of (3.1) by means of congruences (modD). This unique solution is specified in such a way that after using Lemma 4 we find that the corresponding 3ίΓ satisfies {J%r\B\ = ζ. If D Φ 5 we can then appeal to Eisenstein's reciprocity law "If a = -1 (mod (1 -ζ) 2 ) and a is a rational integer prime to 5 then (a/a) 6 . Unfortunately, this requires working modulo 25 rather than modulo 5 and so involves a large number of cases. We thus give an alternative approach based on a result of Muskat [5] . (mod p). Let (x, u, v, w) be the unique solution of (3.1) satisfying (5.1). Then we have 6. D = 3* (Lehmer [2] has shown that 3 is a quintic residue (mod p) if and only if u = v = 0 (mod 3), where (#, u, v, w) is any solution of (3.1).) Thus if 3 is a quintic nonresidue (modp) we can find by Dickson's theorem a unique solution (x, u y v, w) of (3.1) satisfying one of
In terms of this solution a simple calculation using (3.3) shows that , Explicit criteria for quintic residuality (submited for publication).
